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BDD (Binary Decision Diagram: Z 53R E 4 57)
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ROBDD (Reduced Ordered BDD)
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:L “LCM over ZDDs” [Minato et al. 2008]

= LCM: [Uno2003]
Output-linear time algorithm of frequent itemset mining.

= ZDD: [Minato93]
A compact graph-based representation for large-scale

sets of combinations.
Q Combination of
the two techniques
Generates large-scale frequent itemsets on the main
memory, with a very small overhead from the original LCM.

(= Sub-linear time and space to the number of solutions

when ZDD compression works well.)
2011.09.28 JSSST2011 23




LCM over ZDDs: An example

= The results of frequent itemsets are obtained as ZDDs
on the main memory. (not generating a file.)

Record

D Tuple

abc
ab

abc
bc LCM over ZDDs

ab Freq. thres.a =7
abc >

C
e {ab, bc,a,b,c}
abc
ab
bc

R
R Bl ©| ol N oo~ w|N| -

2011.09.28 JSSST2011



Table 2. C’)Iq # solutions

Dataset name:

1 over
Move

new method |PLEX

prev. method

min. support itemsets| [ZBDD ime(s)|| Time(s)] Time(s) Time(s)
mushroom: 1,000 123,287 760 0.50 0.4 0.64 1.78
500 1,442,504 2,254 1.32 1.3 3.29 3.49

300 5,259,786 4,412 2.25 2.2 9.96 5.11

2001 18,094,822 6,383 3.21 3.1 31.63 6.24

100} 66,076,586 11,584 5.06 4.8 114.21 6.72

70| 153,336,056 14,307 7.16 7.0 277.15 6.97

o0 198,169,866] 17,830 8.17 7.8 307.27 6.39

T10I4D100K: 100 27,533 8,482 0.85 0.85 0.86 209.82
20 03,386 16,872 0.97 0.9 0.98 242.31

20 129.876] 58,413 1.13 1.0 1.20 290.78

10 a11.366| 173.422] 1.55 e 1.64 332.22

5] 1,923,260f 628, 491 2.86 2.0 3.54 370.54

3 6,169,854}1 576?184 5.20 3.15 8.14 386.72

2] 19,561.715)3,270,977 9.68 5.0 22.66 384.60
BMS-WebView-1: 50 8,192 3,415 0.11 0.11 0.12 29.46
40 48,544 10,755 0.18 0.1 0.22 48.54

36 461,522 28,964 0.49 0.4 0.98 67.16

35 1,177,608 38,164 0.80 0.6 2.24 73.64

34 4,849.466] 49,377 1.30 1.0 8.58 83.36

33| 69,417,074 59,119 3.53 3.1: 144.98 91.62
32|1,531,980,298] 71,574 31.90 29.7 3,843.06 92.47

chess: 1,000]  29,442.849) 53,338] 197.58 197.1 248.18 1,500.78
connect: 40,000 23,981,184 3,067 5.42 0.4 49.21 212.84
pumsb: 32,000 7,733,322 5,443  60.65 60.4 75.29 4,189.09
BIMS-Weh View-2: 526,946,004 3530051 o459 702 5128 TIS.01

™ Q
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BDD / ZDD [ZB89 4 &1L D iEzE

Knuth® £ & The Art of Computer Programming 1 0 E&x 1%
(Vol.4, Fascicle 1, 2009) T. BDDAEEL LRSI 1=,
® BDD/Z[+TL40R—2 JEE 264 D KIE

2 OBDDHRERENDH T, HIZZDDEZEETR
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® ZBDD7=>1=-MEU£&%ZDDIZ5E/E,
(BDDERIFEHRLNMD)
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® KnuthEEARAMS, ZDDEESE
ELTRIEEEADIR HEIKEE
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® 2010&F5A(ZIFEMKnuthER%E

- The Art of
i Computer
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Algebraic operations for ZDDs

nuth evaluated not only the data structure of ZDDs,
but more interested in the algebra on ZDDs.

0, {1} Empty and singleton set. (0/1-terminal) |~

P.top Returns the /tem-/D at the top node of P.

P.onset(v Selects the subset of itemsets : :

P.offset%vg including or excluding v. \ Basic operations

P.change(v) | Switching v (add / delete) on each itemset,| ( (Corresponds to

U, N, N Returns union, intersection, and Boolean algebra)

difference set.

P.count Counts number of combinations in P. /

P*Q Cartesian product set of P and Q. New operations

P/Q Quotient set of P divided by Q. introduced by

P%Q Reminder set of P divided by Q. Minato.

o~

Formerly | called this “unate cube set algebra,” Useful for many
but Knuth reorganized as “ Family algebra.” practical applications.

2011.09.28 JSSST2011 28



= Many of real-life

problems are likely
asymmetric.

Comparison of BDDs and ZDDs

-

-

(Symmetric world)

- VLSI Logic Design
- Formal Verification
- etc.

o BDD
Symmetric reduction

I“"

(Asymmetric world) \

N Formal concept analysis

/DD

- Data mining & Knowledge discovery

- Market data analysis - Web data analysis

- Calculation with Bayesian networks
- Machine learning & clustering etc.

Risk analysis

.

-

"7
\ /A\symmetric reductionA =)

Gump) |Quasi-reduced BDD

G

Sub-graph sharing
(Dictionary-based)

2011.09.28 Naive representation

v

(jump)

1 /0

(share)

P
A AL
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ltemset DB
Record | ltemset

ID
1 abc
2 ab
3 abc
4 bc
5 ab
6 abc
7 C
8 abc
9 abc
10 ab
11 bc

2011.09.28

e EEER
ltemset-histogram Occurrence) for each

)

ltemset

Freq.

abc

5

ab

bc

C

3
2
1

JSSST2011

HEEHERZAV =T -2 X—Z @i

= We sometimes need to
represent not only
es/no but also the

requency (number of

itemset.

= This is a histogram of
itemsets If frequency of
all itemsets are
generated.

= Integer-valued Sum-0Of-
Product form. (VSOP)

= Function from
Combination to Integer.
(Ctol)

= Multi-set of combinations

31



* ZDDIZKSHHEEHEROERE

» ZDDIFIREERI DT, TDFFETITEEZRIRTSELY,
s BET —FRBEADHERFGEF2EYRNoN TS,

2ERNT N LFRIR Multi-Terminal BDD (MTBDD)
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ZDD-VectorlZkHEETHERDERR

o AR (HIREIZ) 22 EHMTHFEIEL, 2ENI ML TEKRIE
( ($I%8DB) (BT VEER) A ZDD-VRIZ D
22 57 | HBSERE | F, | F, | F
ab abc 5(101) | 1|0 |1
abbCC ab | 3(011) | 0|11
25 bc | 2(010) [0 [ 1] 0
abc c 1(001) | 0|01
C N J
abc Y
abc F, = {abc, ab, ¢}
als F, = {ab, bc}, F, = {abc}
_ Y,

2011.09.28 JSSST2011 33



* Algebra on itemset-histograms

Tuple | Freq.
abc 5
ab 3
bc 2
C 1
H*d

Tuple |Freq.
abcd 5
ab d| 3
bcd 2
cd 1

2011.09.28

H,=H.factor1(a) Hy + Hy
Tuple | Freq. UL | FEE-
bc 7
bc ) ——
-
C 1
\ H,=H.factor0(a) o _
— T = Primitive operations:
Hple | Treq. = Factoring into two parts
bc 2 by an item.
C 1 = Attaching an item.

= Sum of two histograms.
= Counting lines in the table.

- Each table is compactly represented by ZBDDs.
- ZBDDs are shared each other in the memory.

JSSST2011 34



* Algebra on itemset-histograms

H H,=H.factor1(a) Hy + Hy
Tuple—-Freg- 1 Tunle | Ereg |- Tuple | Freq.
abc 5 be 5 —_— bc 7
ab 3 > b 3 b 3
bc 7 C 1
c 1 \ H,=H.factor0(a) o _
= Primitive operations:
H * d * LRI | P76 = Factoring into two parts
bc 2 by an item.
Tuple |Freq. C 1 = Attaching an item.
abcd | 5 = Sum of two histograms.
ab d!| 3 = Counting lines in the table.
oed | 2 - Each table is compactly represented by ZBDDs.
cd| 1 - ZBDDs are shared each other in the memory.

2011.09.28 JSSST2011 35



* Algebra on itemset-histograms

H
Topte—+req.
aIbc 5
alb 3

bc 2
C 1
H*d
Tuple |Freq.
abcd 5
ab d 3
bcd 2
cd 1

2011.09.28

H,=H.factor1(a) Hy + Hy
Tuple | Freq. Fuple—-Freey
bc 7
bc ) ——
-
b 3 . 3
C 1
\ H,=H.factor0(a) . _
— T = Primitive operations:
Hple | Treq. = Factoring into two parts
bc 2 by an item.
C 1 = Attaching an item.

= Sum of two histograms.
= Counting lines in the table.

- Each table is compactly represented by ZBDDs.
- ZBDDs are shared each other in the memory.

JSSST2011 36



HETHEROELREE (Itemset-Histgram Algebra)

¢ (c€N) ATETH e BIRT SHELRZIRT. (c =0 DEEEFZELETEZLT )
P.top MR P O EANOFIROT A 7 LrsZiRd.

P.offset(v)

P OPTY A7 Lv ZFEE0HGEZEO TS L2 D T

P.onset(v)

P OPTT7A T Lv Z23THERZLOIAHERZRO L,
ZTOFMEENE v ZHD PRNTIRE R ZIR T

P.change(v)

P OFHGHICOWT, 74 7L v OFBRZREEES.

P+Q Pt Q Oxhind A [m LM 2 Bl hin e U 7z SR 20X T

P—-Q P & Q ONLT HHEGERTOEEZS [ ER UIHERZERT.
(722 LIERREDAICEZL5,513 0 £95)

P.count P OfHEOMBEZRAS.

P.upperbound | P OfAGED 5 B KEEO YA ZIXT .

P.unitset

PIZEENAHETOMEELZTNT L ICFEFE U ZEE L L IRT .

max(P, Q) P+ (Q — P) &ZiX7.

min(P, Q) P—(P—-Q)%ZiR9d.

PxQ P & Q OEREEG (Cartesian product).
P/Q P 7 Q TEI->7z/ (quotient).

P%Q P 7% Q TH|-> 7275 (remainder).

2011.09.28

JSSST2011

37



Post Processing after LCM over ZDD(V)s

LCM over
.
ZDDs
Dataset 1 >/ / hoD. > — /pp

LCM over ltemset-histogram

ZDDs operation
Dataset 2 >
DD- Frequent }

L ltemset-histograms

Distinctive
[temsets

= The result can be analyzed flexibly using itemset-
histogram operations.
= Extracting long/short frequent patterns.
= Comparison of two sets of frequent patterns.
= Calculating statistical data (e.g. confidence, support)

= Finding disjoint sub-factors in frequent patterns.
2011.09.28 JSSST2011
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i % B EE & (Sets of Sequences)

= Sets of combinations:
= Don’t consider order and duplication of items
= “abcc” and “bca” are the same.

= Sets of sequences:
= Distinguishes all finite sequences.

= ¢, {A}, { ab, aba, bbc }, { a, aa, aaa, aaaa }, etc.

= Here we exclude infinite sets such as { a* }.

= SO0 many real-life applications.
= [ext search and indexing
= Web (html/xml) data mining
= Bio informatics

2011.09.28 JSSST2011
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Encoded ZDDs for Sets of sequences

= Pair of (Item - position) is s, bnds, bibncs, bic:
considered different symbol.
“aaa” 2 “al a2 a3”
“aba” = “al b2 a3”

= Alphabet size: |2]
Maximum length of sequences: n
Total encoded symbols: |2|Xn

= Not very efficient.
= Many symbols needed.

= We need to put a fixed maximum
length of sequences.
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Sequence BDD (SeqBDD)

= Loekito, Bailey, and Pei (2009)

= Same as ZDD reduction rule.
= Only O-edges keep variable ordering.
= 1l-edges has no restriction.

= Still unique representation for a given
set of sequences.

= Each path from root to 1-terminal
corresponds to a sequence.

{aaa, aba, bbc, bc}

(Ordered) ZDD Sequence BDD
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SeqBDDDEAKEE (Sequence Family Algebra)

0 7D, (0-ERET R 7ZIRT )
{A} ZENDIHNEIEHES. (1-ERHIRZIKT )
P.top P O FALOFi D7 1D 2 iX9.

P.onset(x) | 37 » THESRINOEMEGZHIIBL, SRNNOIHD « ZHDFRL.
P.offset(x) | 37 » PN TIHE S RVNOEMEG 2T 5.
P.push(z) | P DERINDOITHIT T x ZMINT 5.

PUQ P & Q OFT (union).

PNnQ P & Q DORHYH (intersection).

P\Q AHES. (PIZH->T QIZEVED.)
P.count P ODBEZH A S.

PxQ P & Q OERES (Cartesian product).

P & Q W BILED—DORIIE D i Uik L7 RAIDES.
= ZDDJE (Malgebra

= onset, offset, push JEEMNZDDEEL S,

« OEEIZIFEAERIL,
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String Sets

Suffix Tree ZDD
[McCreight 1976] [Minato. 1993]

3 SeqgBDD °
5 - o] 1]
Upawe [Loekito 2009] . |
[Blumer 1985] *Combination
ol *Operations
*Substring
*No operations +String
*Operations

® Suffix-DD

DEIM Forum 2010 E3-4 February 28, 2010 Shuhei Denzumi, Hokkaido University
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BB EDMIE L
IR M E T EEDEELER
® BDD: im¥EEH%k
® ZDD: tHEHEA
BEADAEESEFNER
® ZDD-V: {iEaEHESR
® SeqgBDD: RII&ES

® xITD
® =IID

=

=

ERATOEBBEENIERT O VK

® JOUIHVMDEBE

£25(1) ZDDIZ&KBHEEE/ \R 5%
F75(2) #DD: B EEDEENIEZR

L7 ERATO
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Personal relationships with important researchers.
(= prospective groups for inviting visitors)

Greenland
'|R. Drechsler, et al
: (Bremen U) Poccua
Russia
ey G. DeMicheli 4
“'”““(EPF Lausanne) S. Minato E Somenzi
SOy e R T il ol (Hokgaldo U) (U Colorado)
M. Sebag et a.l irklye - e RfREmmaaad L L L LT Qtates
(U-Paris Sud) |4~ FE Yol 8 Nortpacir
Iraq- jrap:#fghanistan China & . D Knuth R Bryant Df:.r?'ilr:‘
eria = Pakistan 5 '
WS India - . (Stanford) | (CMU)
WaLritEnia LS A Lae ]
Mol INiger o g e Thailand .
higeria Ethlepla Venezuela
Colombia
/DR Congo Lenva . /
Tanzanla Indonesia PamMLE Bew .
Muinea Brasil
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Rhica 0 R. Kotagiri et al
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Knuth [Z2&57JL3"') X Ls Simpath
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(© Wikipedia)

i 5 S D ILE

s JL—EYYFa1—T:
P={r| &EXRIRIEIZLDIES}
. P [218i8Y (= 3i@Y X 6T) DIEFIDES
» EFFEFEPXP X, 2EIDERIZIETEHEoNANIVDETERT
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i Family of permutations

= Family of sets:

= Don’t consider order and duplication of items

= “abcc” and “bca” are the same.
= Family of sequences:

= Distinguishes all finite sequences.

= ¢, {4}, { ab, aba, bbc }, { a, aa, aaa, aaaa }, etc.
= Family of permutations:

= Set of orders in a fixed number of items.
= 0, {123}, {12, 21}, { 123456, 132456, 246135 }

2011.09.28 JSSST2011

74



i Decomposition of permutation

= Transpositions 7, ) : exchange of two items x and y.

= Any n-item permutation z can be decomposed
by at most (n-1) transpositions.

Let x =dim(x), then = 7 ,, Must not move x.
Thus, dim(z 7 ., ) = dim(z) -1

- Repeating this process provides a decomposed form.
(3,5,2,1,4)

RPN WS O
RPN WS~O

7 =(35214)

2011.09.28 JSSST2011
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i Decomposition of permutation

= Transpositions 7, ) : exchange of two items x and y.

= Any n-item permutation z can be decomposed
by at most (n-1) transpositions.

Let x =dim(x), then = 7 ,, Must not move x.
Thus, dim(z 7 ., ) = dim(z) -1

- Repeating this process provides a decomposed form.
(3,4,2,1) T(5.4)

5 55 5
<l

4

3 3—>3
2 2 —> 2
1 1—>1

m=(35214)=(3421) 145,

2011.09.28 JSSST2011
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i Decomposition of permutation

= Transpositions 7, ) : exchange of two items x and y.

= Any n-item permutation z can be decomposed
by at most (n-1) transpositions.

Let x =dim(x), then = 7 ,, Must not move x.
Thus, dim(z 7 ., ) = dim(z) -1

- Repeating this process provides a decomposed form.

(3 1 2) T(4 1) T(5 4) 5

4——>4
3-—>3
2 —> 2
1—>1

= (3,5,2,1,4) - (3,1’2) Ta,1) T(5.4)

2011.09.28 JSSST2011
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i Decomposition of permutation

= Transpositions 7, ) : exchange of two items x and y.

= Any n-item permutation z can be decomposed
by at most (n-1) transpositions.

Let x =dim(x), then = 7 ,, Must not move x.
Thus, dim(z 7 ., ) = dim(z) -1

- Repeating this process provides a decomposed form.

T(2,1) 132 T(a,2) . Y(5.4)

5 > 5 > 5 > S

4 > 4 =>4 4 >< 4 Deterministic

3 ——>3 3 3—>3

2 >< 2 >< 2 2 — > 2 |Process.

1 1] —1 1 —>1 —> canonical form
T — (3,5,2,1,4) - T(Z,l) T(3’2) T(4’1) T(5’4) fOI’ any glven TT.
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i Main idea of #zDDs

= Using a pair of IDs (X, y) for each decision node.

p Letx=dm(P), andx>y>0

P = PO U Pl T(X,V)

P, ={#n|nEP,xnt#Y}
P, :{ﬂT(X’y) | reP,xx=V}

> [dim(Pg) = dim(P)
dim(P,) < dim(P)

2011.09.28 JSSST2011
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i Node reduction rules for zDDs

s Same reduction rules as ZDDs.
= Ordinary BDD rules don’t work.

(share)

2 : (jump)
WA AA B
Node sharing Zero-suppressed

node elimination

2011.09.28 JSSST2011
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i nDDs of single permutation

2011.09.28

1(1,3,2)}

1(2.1)}

{321} {1(23.1)}

&

=y

0 1 0 1

3+3X3 3, 3.3
2\q 242 , 2%2
1A 151 X 1N
JSSST2011 81



i nDDs for sets of permutations

1(2.1)}
1

@ {ne,(z,l,),(l,s,z),(s,1,2)@

: N\
0| |1 1(2.1).3.1,2).(3.2,1),(2,3,1)}

{~.,(2,1),(1,3,2),(3,1,2),(3,2,1),(2,3,1)}

17:,(2,1)}

|
{(2,1),(3.1.2)} :
{7,(2.1)} \ @{ﬁ .
| {2} (2 [F(® 1
D)
L
1
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Algebraic operations for zDDs

= “Permutation family algebra”

0 Returns the empty set. (0-termial node)

{me } Returns the singleton set. (1-terminal node)

P.top Returns the IDs (z,y) at the root node of P.

PUQ Returns {w | m€ Por w € Q}.

PNnaQ Returns {7 | m € P, w € Q}.

P\ Q Returns {w | m€ P, 7 ¢ Q}.

P.r(x,y) Returns P - 7, ).

P x Q) Returns {af | o € P, 8 € Q}.

P.cofact(x,y)|Returns {77, ,)| m € P, xm = y}.

P.count Returns the number of permutations.
2011.09.28 JSSST2011
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i Synthesis of #zDDs by algebraic operations

{(1,3,2)} 17 .(2,1),(1,3.2)} {(3,1,2)}
{r.} | 1
L T2 @ e
v difference  /
o] [1] o
T2, 0
{7 .(2,1)}
{(2,1)}  union l
i
o |1
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i Product operation for disjoint permutations

{e,123546,123654, {€,123546,123654,
123564,123465,123645} 123564,123465,123645,
213456,213546,213654,
213564,213465,213645,
321456,321546,321654,
321564,321465,321645,
231456,231546,231654,
231564,231465,231645,
132456,132546,132654,
132564,132465,132645,
312456,312546312654,
312564,312465,312645}

(6,213,321,
231,132,312}
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i IGFL: AT CDREHT

s HAHTELDIEZENEL . KEADFE
HID] X, ~X &5IKET B,
RIBAIADEERERE(FA(LFE
DIEHNZFEYH T EMTESLM?

s KERUTODHETEYHESIESTI D
£681F. UTOEMGHIEXTE
R TEH, > tDDTEHETES,

X X X X X X Xy

I

N o B o =

Rﬂ — MTe
P = P U (|
P._1 %P

=
[

m—1
i1 TGit1))

(for k = 2)
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11: BHAT=KCDEHT (EERER1)
s 210D HHFECICET 2 REREER

» ASKDEETIO BYDEIEFZERTES, (44KRKETT (101-1) &@Y)
s« DD YA XIFEFRIZE—ILHY . mZZEITHT 45/ —K

P, |[wDD| 4 of | total P.| 7DD | # ot total P.|\7DD| # of total

size | perm. H#T size | perm. HT size | perm. HT
Py 0 1 0| Pig| 3956] 528441[ 3412177 || P32 8655 3497165(|24691907
P 9 10 9| P17| 4685] 690778| 4522462 || 33| 7669 | 3544208|25039740
P 31 54 97| P1s| 5455 87T8737| 821218 || P34|6590| 3576891(25279788
Ps 63 209 546 || Pro| 6249|1089826 | 7296041 || P;5| 5470 3598561 (25439624
P, | 109 649 2152 | Pag| 7047(1319957| 8915085 || P36 | 4374 3612201(25539440
P | 172 1717 6704 (P21 7834(1563651 (10645703 || P37|3353| 3620296(25598543
Ps | 261 4015 17632||P2o| 8591(1814400|12433871 || P3s| 2444 3624785|25630975
P7 | 390 8504| 40751[|Po3| 9293(2065149(14239194 || P30| 1671 | 3627083|25647411
Py | 558 16599 84985||FPay| 9905|2308843|15996836 || Pyo| 1055 3628151|25654943
Py | 773 30239 162995 |Ps5| 10397|2538974 17671711 || Py, | 602 3628591 (25657983
Pio1034| 51909 291537 ||Pas| 10735(2750063|19206325 || Py2| 305 3628746(25659023
Pp1]1353| 84592 491272||P>7|10894|2938022|20584666 || Py3| 136| 3628790|25659303
P2 17271131635 | 786100 |Pag| 10857(3100359|21772380 || P44 593628799 25659355
P1312169(196524 (1201963 || Poo| 10614(3236212|22773147 || Py;| 45(3628800/(25659360
P14 2688282578 (1764353 || Psg| 10157(3346222|23579581 || Pyg| 45(/3628800(25659360
P1513286|3925688 (2495497 || P3| 9497|3432276 (24214975
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i,

11: HAHKC DT (EEREER2)
s EBNOHAECIZET 2EERER

= BIEHNZERT B-HDTR/NREMZER 1=,

= DDV A X (E—VERKIERHE, T—REMEILFEIZKEL,

2011.09.28

n{m| «DD size 4 ot total time

(peak) [(final) perm. Hr (sec)
If 0 0 0 I 0 0.00
2| 1 1 1 2 L 0.00
3 3 3 3 6 71 0.00
41 6 9 § 24 46| 0.00
5|10 27 L0 120 326  0.00
615 89 L5 720 2506 0.01
7121 292 21 5040 222121 0.02
828 972 28 40320 212976 0.06
9136 3241 36 36288() 2239344 0.26
10|45 10894 45 3628800 20659360 1.19
L155] 36906 Do 39916800 318540960 5.77
12|66 125904 66| 479001600 4261576320| 27.06
13|78 435221 78| 6227020800| 61148511360 (126.80
141911520439 91|87178291200|937030429440(666.29
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2 IV—EvoXa—T D

.Al:l

[Z8{E (24E) DAFX1—T DR (FIZEH

s AXa1—TJZE8btE%&. AX1—JICST T X 1—T 2B E T EE,
s XY, ZEHIZBA9 H90E D EIERIEREE. LTDXTEITS,

Ty —
Ty =
T, —

T(3,5)7(3,17)7(3,15)7(1,6) 7(1,16) T(1,14) 7(2,4) 7(2,18) 7(2,13)
T(2,14)7(2,24)7(2,12)7(3,13)7(3,23) 7(3,10) T(1,15) 7(1,22) 7(1,11)

T(1,10)7(1,7)7(1,4)T(3,12) 7(3,9) 7(3,6) T(2,11) T(2,8) T(2,5)

0] [7
| |4
2] 12131 [5l6e] TsTol il
24| Talis| [i7lis] [2ol21] |23
13 16
22 |19
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2 IV—EvoXa—T D

.Al:l

[Z8{E (24E) DAFX1—T DR (FIZEH

s AXa1—TJZE8btE%&. AX1—JICST T X 1—T 2B E T EE,
s X,Y,ZEHIZRA9 H590E D EIERIREE. L TDXTEITS,

My = T(3,5)7(3,17)7(3,15)7(1,6)T(1,16) T(1,14)7(2,4) T(2,18)7(2,13)
Ty = T(2,14)7(2,24)7(2,12)7(3,13)7(3,23) 7(3,10) 7(1,15) T(1,22) T(1,11)
. —

T(1,10)7(1,7)7(1,4)T(3,12) 7(3,9) 7(3,6) T(2,11) T(2,8) T(2,5)

0] |7
L 44
12 }ﬁ- 6! 1slo] |11
24| 144 18| [20[21] |23
13416
220 119
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FE‘A 2)1/_

EvoXa1—T D@

» SEIESE(24m) DAFX1—T DBEN-IFIZEH
s AXa—TJFEhtEFE . AXF 1 —JIZsT 2D X1 —TF B E R,

s X,Y,ZEA[ZRE9 590

EDREREEIL. U TOXTEITS,

Mo = T T n T 1570 6 T0 16 Ta 14T 43T 18 T(2 12

Ty = T(2,10)7(2, M)T(? 1

‘))T(’; 1?)7_(3?23)7(3310)7(1315)7(1722)7_(1?11)

z . (LIO) (L)L) TEI2) T30 T(3,6) T(ZIT) T(2.8)T(2,5)
10k |7
™~
I&A_;X
vl
2—2[3] |5]6 ;9-;%1
T ‘l’ W //
24— 4|15 [17[18 D123
1306l -
v
Wl A
227 |19
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2: IL—EvoXxa—T OFEN

it FF

» SEIESE(24m) DAFX1—T DBEN-IFIZEH
s AXa—TJFEhtEFE . AXF 1 —JIZsT 2D X1 —TF B E R,

= XY, ZEICEHT H90E D EERREF. LTDXTEIT S,

Te = T(3,5)7(3,17)T(3,15) T(1,6) T(1,16) T(1,14) T(2,4) T(2,18) T(2,13)
Taw — Tio 14 Tra oa\T (o 1“.\’7_(«') 10\’7‘:") “:f)\’T(f) 1LoNT (1 1'\’7_(1 “:“:\’7_1 11\
Y (T (oot (=) (Ot (520 (050 (It (=o) (ttt)
Tz = T(1,10)T(1,7)T(1,4)7(3,12) 7(3,9) 7(3,6) T(2,11) 7(2,8) T(2,5)
T
[+—4
2F 2335 L6 T840 ji
24 ST R—2etr 1 23
13| (16
220 |19
JSSST2011 92
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2 IV—EvoXa—T D

» SEIESE(24E) DAXF1—T ORI ITIEE

s AXa—JFEbhtEtE&. AX1—JICHST (D X1 —T B BRI EE,

= XY, ZEHIZBE I H90E D EERIRIE(X. LLTFDHXTEIT S,

Te = T(3,5)7(3,17)7(3,15)7(1,6)7(1,16)7(1,14)7(2,4)7(2,18)7(2,13)
Ty = T(2,14)7(2,24)7(2,12)7(3,13)7(3,23)7(3,10) 7(1,15) 7(1,22) T(1,11)
Tz = T(1,10)7(1,7)T(1,4)7(3,12) 7(3,9) 7(3,6) T(2,11) T(2,8) 7(2,5)
@ 1ELURTHENRD IO DES 0] 7
P1:7_6+7_a:+7_w +7_:1: | 4
tmy+ S A i+ 12] |2 s[e] T8[9 i1
24 14|15 17118 20121 23
13 16
22 19
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2 IV—EvoXa—T D

» SEIESE(24E) DAXF1—T ORI ITIEE

s AXa—JFEbhtEtE&. AX1—JICHST (D X1 —T B BRI EE,

= XY, ZEHIZBE I H90E D EERIRIE(X. LLTFDHXTEIT S,

Te = T(3,5)7(3,17)7(3,15)7(1,6)7(1,16)7(1,14)7(2,4)7(2,18)7(2,13)
Ty = T(2,14)7(2,24)7(2,12)7(3,13)7(3,23)7(3,10) 7(1,15) 7(1,22) T(1,11)
Tz = T(1,10)T(1,7) T(1,4)T(3,12) T(3,9) T(3,6) T(2,11) T(2,8) T(2,5)
@ 1FHRTHENSD/ S DA 0] [7
P1:7_6+7_a:+7_w +7_:1: 1 4
tmy+ S A i+ 12] |2 s[e] T8[9 i1
kFLATHENSNZVDEE 24 14fis] Ni7fis] |20[21] |23
- 131 |16
P.=P,_«P  (for k>2)
22| |19
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s AX2—TJFEFIZERTBE.
11F LA TETD/NIEE A EE
= 11FLUATHT MEKEICEE 5,
« 2NV ERTZDDIEHT H511/—FK
s PEESTLFEAIEL. HH/NI%E
EYHTDICKRIERFHLEN T
BHICRARSDZENTES,
« FIZIESEDAFTI—T D56 2T

BEL T, ZYEITFBEILGELV NI (K
UTDOKTEITS,

Sy = Py.cofact(9,9).cofact(11, 11).cofact(15,15)
.cofact(17,17).cofact(21,21).cofact(23,23)

12: L—EvIF¥1—T OfEH (RERHERE)

. | wDD # of total
size perm. T
o 0 1 0
P 63 10 72
P 392 64 888
Ps 1789 385 5634
P, 6860 2232 34446
Ps 23797 12224 194406
Ps 84704 62360 1012170
P7 | 290018 289896 4752582
Pz [608666| 1159968|19087266
Py | 580574 3047716(50272542
Pio| 18783 3671516(60540732
P11 511(3674160|60579900
P 511(3674160|60579900

> ERIZEHE T HE k=10T4EY . k=11 T5&YFTE,
(FDERFIEL. i DDDEETESICRE DTN, )
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i IW—EvoX1—TBFICTOVTDER

s R 3X3DENFUIZDOVNT20FUIN TS WIEREEICR B AT
EDVIREN TV, [Rokicki et al. 2010]
s ETOD/IREVIZTDODNTOR/PMFERENNZEL=DIFTIHEL,
R/INFRMN20F B A /NI GENEFH|FELTHERSR
« EAIZHEFHEBENYZETLD, RBRICKEBELFIPC(UZ5IR) ZRHLT,
£ 5% (#ACPUREI35E D)
s BROFEEAX1—TICELELIX3DIL—EYIF21—TIC
ZTDFEFEATHE aDDAKRELLGYBETAE) HASANTFE_T,
s ETONEIVIZDNTRINFHEHZELTLNSDT,
FROAFELYEHEIVNETEZITOTLNVS,
» AR THEMYZEITHT . 2DDDEHERENEITEE->TETELTLNVS,
« 1CPUEEIFTZRLITLYS,
s NAXILDEBHLEHL-TEH, MR EEBIET ST TREIH G ATHE
(IFDEE. FZXHZEOHN. ABAEZOTUVEEDIER. etc.)
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:L Upper bound of zDD sizes

= Number of Families of permutations
up to n items: 2™
= N 0,1 2, 3, 4, 5, ...
=n! 1,1,2, 6, 24, 120, ...
« 20 2,2, 4,64,16777216,

1329227995784915872903807/0602803445706, ...
= At least log n bit needed to distinguish n objects.

= Thus, zDD size must be O(n!) bit in worst cases.
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® HR-FAENY IV IIL—TWNAREERTMBERRETITLEGLS,
ESTEFAMERBL., fLIRICE]25R>TET. HLIWLARNILD
2R IZRRL. T—YE K> T—EHIE L oKY EAZEE TS,
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